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results present in literature for continuous-time, as [9] , [11] , and discrete-time saturated systems, see [10] , are improved or recovered as particular cases of our approach, see also the preliminary version of the work [13] . The results on local and global quadratic stability for hybrid systems with simple and nested saturations are other contributions. We also present how the lower bound on the time interval between jumps can be used in the formulation of the stability conditions. Finally, computation oriented conditions for local and global quadratic stability are stated and applied to numerical examples.
Notation. Given n ∈ N, denote N n = {x ∈ N : 1 ≤ x ≤ n}. Given A ∈ R n×m , A i with i ∈ N n denotes its i-th row, A ( j) with j ∈ N m its j-th column and A i, j the entry of the i-th row and j-th column of A. The identity matrix of order n is denoted I n , the null m × n matrix is 0 m×n . Given the matrix P = P T > 0, define the ellipsoid E (P) = {x ∈ R n : x T Px ≤ 1}. Given the set D and α ≥ 0, denote the set αD = {αx : x ∈ D} and co(D) is its convex hull. Given J ⊆ N m , we denoteJ = N m \J, with m ∈ N. The symbol * stands for symmetric block.
II. PROBLEM STATEMENT Consider the closed-loop saturated hybrid system, represented by using the hybrid framework introduced in [3] , whose continuous-time dynamics is given by ẋ =ĝ(x) =Âx +Bϕ(Kx), τ = 1,
valid if (x, τ) ∈ F , with x ∈ R n , and discrete-time dynamics
if (x, τ) ∈ J . Regions F and J are referred to as the flow and jump sets, respectively. Function ϕ : R a → R a denotes the saturation, i.e. ϕ i (y) = sgn(y i ) min{|y i |, 1}, for all i ∈ N a , with y ∈ R a . The saturation bounds are assumed equal to 1, without loss of generality. Sets F and J are given by F = {(x, τ) ∈ R n+1 : x T Mx ≥ 0, or τ < ρ}, J = {(x, τ) ∈ R n+1 : x T Mx ≤ 0, and τ ≥ ρ},
where M = M T ∈ R n×n and ρ ≥ 0, as in [14] . Different kinds of flow and jump regions can be defined by (3) , as the reset conditions used in reset control as studied in [15] , [16] . Furthermore, choosing M = M T > 0 (or M = M T < 0), the formulation (3) permits to restrict the dynamics to a continuous-time (resp. discrete-time) system, see also [13] .
Remark 1:
The variable τ represents the time passed from the last jump. Its introduction, together with the parameter ρ ≥ 0, permits to define a lower bound on the interval between two successive jumps. Such a bound, referred to as "temporal regularization", can be used to prevent having an infinite number of jumps in a finite time interval, i.e. Zeno solutions [3] , which should be avoided in real applications. Notice that conditions on the state x ensuring the system flowing for a certain amount of time, used in some applications, consist in determining implicitly a positive value of ρ. Hereafter the knowledge of ρ is used to allow the potential Lyapunov function to increase during a jump. This leads to more general results than those obtained imposing its decreasing during both the flow and the jumps. This case is recovered by posing ρ = 0.
Nested saturations are also considered to obtain a more general model (see [17] ). In fact, the presence of a further saturation on the plant output is a realistic assumption, as bounds on the measurements are often present. In such case, the continuous dynamics of the hybrid system becomes ẋ =ĝ(x) =Âx +Bϕ(Kx +Êϕ(Fx)),
and, analogously, the discrete dynamics is
The objectives of the paper can be summarized as follows. Problem 1: Given the flow and jump sets, F and J , determine an ellipsoidal region Ω = E (P), with P = P T > 0, as large as possible, such that a Lyapunov function in Ω for the saturated hybrid system (1)-(3), or for the hybrid system with nested saturations (3)-(5), can be determined.
III. QUADRATIC STABILITY FOR SATURATED HYBRID

SYSTEMS
Hereafter we prove that the image of the state x through a saturated function g(x) is contained within a set explicitly obtainable. This result permits to geometrically characterize quadratic stability for saturated hybrid systems.
Among the properties of support function, see [18] , [19] , we have that set inclusion conditions can be given in terms of linear inequalities involving the support functions.
A. Convex bounds of saturated functions
The following theorem, stated for functions g(x) = Ax + Bϕ(Kx), with A ∈ R n×n , B ∈ R n×m and K ∈ R m×n , can be used to prove results for both the continuous-time and the discrete-time dynamics, and then applied to hybrid systems.
Theorem 1: Given a function g(x) = Ax + Bϕ(Kx), the ellipsoid Ω = E (P), with P ∈ R n×n and P = P T > 0, and
and
Proof: Consider x ∈ Ω. First notice that, given J ⊆ N m and i ∈ J, we have that
holds for all η ∈ R n , every J ⊆ N m and every i ∈ J. This means that, for every η ∈ R n , we have
Hence for any η ∈ R n , every J ⊆ N m and every i ∈ J, an accurate choice between the values 
The meaning of Theorem 1 is that, for all x ∈ Ω, the image g(x) is contained in the polytope G(x), whose vertices are known. Its extension to functions presenting nested saturations, that is g(x) = Ax + Bϕ(Kx + Eϕ(Fx)), with E ∈ R m×p and F ∈ R p×n , applies then to both discrete-time and continuoustime systems with nested saturations, as well as to hybrid ones.
Theorem 2: Given a function g(x) = Ax + Bϕ(Kx + Eϕ(Fx)), consider the ellipsoid Ω = E (P), with P ∈ R n×n and
where I = {I(1), I (2), . . . , I(m)} and
Proof: Consider x ∈ Ω. From Theorem 1 applied to the function given by h(x) = Kx + Eϕ(Fx), we have that h(x) ∈ co({M(I)x} I ) for every x ∈ Ω, where
for every I ⊆ N p and {M(I)x} I is introduced, for notational convenience, to denote the set {M(I)x : I ⊆ N p }. Then g(x) ∈ Ax + Bϕ(co({M(I)x} I )) and, for every j ∈ N m , we have that
where the inclusion follows from the proof of Theorem 1. Notice that T x ∈ co({M(I)x} I ), for all x ∈ Ω, is equivalent to say that there exists λ I ≥ 0, for every I ⊆ N p , such that
where I 1 , I 2 , . . . , I 2 p denote, with a slight abuse of notation, the possible subsets of N p . Following the line of the proof of Theorem 1, it can be proven that, for every j ∈ J, every x ∈ Ω and every η ∈ R n , there exists a choice between
for every x ∈ Ω and every η ∈ R n there exists a selection of
and then, as for Theorem 1, we have that g(x) ∈ S(x).
Notice that the bounding condition for nested saturations involves the existence of a set I(k) for any k ∈ N m , besides of J. There are 2 m possible sets J (each one representing a subset of N m ) and 2 p possibilities of every I(k), with k ∈ N m . Hence there are 2 (p+1)m different values of Q(J, I), although some of them lead to redundant selections and could be discarded.
As shown in [13] , applying Theorem 1 to continuous-time and discrete-time systems permits to recover or extend results presented in literature, for instance in [9] , [10] , [11] .
B. Quadratic stability for saturated hybrid systems
The presented results are employed to state conditions for quadratic stability for hybrid systems with saturations, possibly nested. First the case of simple saturations (1)- (3) is considered. We impose the decreasing of the candidate Lyapunov function V (x) = x T Px along the continuous trajectories. Moreover, we have to ensure that the variation of V (x) during a jump plus the variation during a flowing interval of ρ, is negative. This, with the temporal regularization, would imply that V (x) is decreasing between two successive jumps. The resulting condition is less conservative than imposing the decreasing of V (x) also during the jump. In the following, m c and m d are the number of columns ofB andB, p c and p d those ofÊ andẼ. Notice that the case of functions increasing along flow trajectories and decreasing during jumps, as well as more general cases, could be considered, see also [20] .
Theorem 3: Given the hybrid system (1)- (3), consider the ellipsoid Ω = E (P), with P ∈ R n×n and P = P T > 0, H(i, I) ∈ R 1×n andH( j, J) ∈ R 1×n such that |Ĥ(i, I)x| ≤ 1 and |H( j, J)x| ≤ 1, for all x ∈ Ω, for every I ⊆ N m c and i ∈ I, J ⊆ N m d and j ∈ J, λ > 0, and σ ≥ 0. If
whereN(I) andÑ(J) are defined aŝ
for all I ⊆ N m c and J ⊆ N m d , then Ω is an ellipsoidal estimation of the domain of attraction and a local Lyapunov function in Ω for the hybrid system (1)- (3) can be determined.
Proof: Notice that, from temporal regularization, the system can flow for all x ∈ Ω. Condition (8) implies that V (x) decreases along the continuous-time trajectories, within the whole set Ω. In fact, from Theorem 1 we have thatĝ(x) ∈Ĝ(x), withĜ(x) = co({N(I)x ∈ R n : I ⊆ N m c }), which implies the existence of I(x, η) ⊆ N m c such that η Tĝ (x) ≤ η TN (I(x, η))x, for all η ∈ R n , as shown in the proof of Theorem 1, see (7) . Posing η T = x T P and from (8), we have thaṫ
withẋ =ĝ(x) as in (1) . Consider the systemẋ = −λx, whose trajectories are given byx(t) = e −λ tI nx (0). The time-derivative of V (x) along the trajectories of systemẋ = −λx is given bẏ
for everyx ∈ R n . Then, for every initial condition x(0) =x(0) ∈ Ω, the time-derivatives along the trajectories of systems (1) andẋ = −λx are such thatV (x) −V (x) ≤ 0. Since the integral of a non-positive function is smaller or equal than 0, we have
and then, for x(0) =x(0), we have that
Thus the trajectories of systems (1) andẋ = −λx starting at the same point x(0) and after time τ are such that V (x(τ)) ≤ V (x(τ)), for every τ ≥ 0. Now we can prove that conditions (8) and (9) imply that the value of V (x) decreases between two jumping instant. For the temporal regularization, it is sufficient to prove that the variation (possibly positive) of function V (x) during a jump plus the variation of V (x) after ρ of flowing is non-positive. Such condition must be verified when the state is in the jump set J . Consider a jump at time 0 (no loss of generality is introduced) followed by a flowing interval of duration ρ. Denote with x − 0 the state before the jump and x + 0 the state after the jump. Then the condition reads
for all x − 0 ∈ J , and thus, being
This has a clear geometrical meaning, as (12) is equivalent to require that V (x) before the jump is greater than (or equal to) its value after time ρ, when a successive jump could occur. From (11) , with
holds, then condition (12) is satisfied.
Considering the discrete-time dynamics, we have thatg(x) ∈ G(x), withG(x) = co({Ñ(J)x ∈ R n : J ⊆ N m d }), from Theorem 1. The quadratic function V (x) = x T Px, is convex and bounded over R n . Since the supremum of a convex function relative to a convex, compact set C is attained at some extreme of C, see [18] , then there is an extreme of setG(x) where the maximum of V (x) is attained. Therefore there exists
Then condition (9) implies (13) for all x ∈ Ω ∩ J and τ ≤ ρ.
In fact, posing x = x − 0 and applying the S-procedure, we have
that leads to satisfaction of condition (13) , and hence (12), for every x ∈ Ω such that x ∈ J .
A condition for global asymptotic stability is stated for hybrid systems (1)-(3).
Corollary 1: Given the hybrid system (1)-(3) and P ∈ R n×n with P = P T > 0, λ > 0 and σ ≥ 0. If (8) and (9) hold witĥ Notice that asymptotic stability of the systemsẋ =Âx and x + =Ãx is a necessary condition for global asymptotic stability of system (1)- (3), in fact, given by (8) and (9) with I = N m c (thenĪ = / 0) and J = N m d (thusJ = / 0) in (15) . Also asymptotic stability ofẋ = (Â +BK)x and x + = (Ã +BK)x, implied by conditions (8) and (9) with I = / 0 and J = / 0 in (15), is necessary. Analogous results for the case of nested saturations (3)- (5) are stated in the following theorem.
Theorem 4: Given the hybrid system with nested saturations (3)- (5), consider the ellipsoid Ω = E (P), with P ∈ R n×n and P = P T > 0, λ > 0 and σ ≥ 0. Assume there exist:
with I = {I (1) 
Then Ω is an ellipsoidal estimation of the domain of attraction and a local Lyapunov function in Ω for the hybrid system (3)- (5) can be determined. Furthermore, a global Lyapunov function for the hybrid system with nested saturations (3)- (5) can be determined if conditions (16)- (17) hold witĥ
Proof: This result can be proved by using reasonings analogous to those of Theorem 3 and Corollary 1 and employing the results from Theorem 2.
Remark 2: Function V (x) in Theorems 3 and 4 and Corollary 1 are not necessarily decreasing along the trajectories of systems (1)-(3) and (3)-(5), due to jumps. However, V (x) can be used to determine Lyapunov functions for the saturated hybrid systems.
IV. COMPUTATIONAL ISSUES
Some computation oriented considerations on how to practically obtain a quadratic Lyapunov function for systems (1)- (3) and (3)- (5) are provided. First, we propose a formulation of the condition provided by Theorem 3 which can be reduced in LMI form by fixing the value of λ .
Proposition 1: Consider the hybrid system (1)-(3). Suppose that there exist
are satisfied for every I ⊆ N m c and J ⊆ N m d . Then set Ω = E (P), with P = W −1 , is an ellipsoidal estimation of the domain of attraction and a local Lyapunov function in Ω for the hybrid system (1)-(3) can be determined. Proof: The proposition stems from Theorem 3. In fact, it can be proved, using standard matrix inequalities manipulation techniques, that (20)- (22) Notice that although V (x) in Proposition 1 do not decrease along the trajectories, Lyapunov functions can be determined.
Remark 3: As stated in the proof of Proposition 1, the condition on the variation of the value of V (x) during the jump is imposed over the whole set Ω, although it could have been restricted to the set J . In fact, the term σ M in (9) is not present in (21) . This yields some conservativeness, but permits to pose the problem in LMI form, fixing λ . Removing this source of conservativeness is a possible future improvement.
The result provided in Proposition 1 can be used to pose an optimization problem to maximize the size of Ω and hence to provide a solution to Problem 1.
Remark 4: A possible evaluation criterion is the maximization of the value of β such that the polytope β L = co({β v(k) ∈ R n : k ∈ N V }) is contained in the estimate Ω = E (P), where v(k) ∈ R n , with k ∈ N V , are given points in the state space. The optimization problem results: 
Notice that, although the constraints (20) and (21) are not linear in the optimization variables, they are LMI for a fixed λ . Then, the problem can be solved for different values of λ > 0, to obtain a guess of the maximal value of β . Notice also that λ is a bound on the decreasing rate of the quadratic function along the trajectories of the continuous-time dynamics, then it could be considered as a design parameter and fixed beforehand. The LMI condition for global asymptotic stability for system (1)-(3) (and fixed λ ) follows.
Corollary 2: Consider the hybrid system (1)- (3), matrix P ∈ R n×n with P = P T > 0, λ > 0 and σ ≥ 0. If conditions Â + ∑ i∈ĪB (i)Ki
hold for all I ⊆ N m c and J ⊆ N m d , then V (x) = x T Px yields a global Lyapunov function for the hybrid system (1)-(3). 
V. NUMERICAL EXAMPLES The systems presented below can be expressed as in (1)- (2), or (4)- (5), by posing x = (x p , x c ).
Example 1: Consider the linear unstable system, proposed in [15] , in closed-loop with a stabilizing reset PI controller:
The dynamics characterizing the reset behavior with saturation is x
The minimum time interval between two jumps is set to 2 seconds, that is ρ = 2. We solve the optimization problem (23) where points v(k), with k ∈ N 4 , are the vertices of the square set L = {x ∈ R 2 : x ∞ ≤ 1}, and for different values of λ . We found that the value of λ = 0.02 provides the best value (among those tested) of β , that is β = 3.2689 with P = 0.0409 −0.0101 * 0.03241 .
The set Ω = E (P) is an estimation of the domain of attraction, regardless of the set {x ∈ R n : x T Mx ≥ 0}. In Figure 1 , Ω is depicted with some trajectories of the system assuming that the jump can occur at any x ∈ Ω. Notice in particular the trajectory marked in bold line with initial condition
T . With the first jump at time 0 the trajectory leaves Ω, then V (x) increases, i.e. V (x + 0 ) = 1.0686 > 1. At the time of the second jump the state is contained in the ellipsoid, with V (x(ρ − )) = 0.9196 < 1. Then V (x) decreases between the two jumps, as ensured by Theorem 3.
Example 2: The case of nested saturations is considered. A further saturation is added between the plant output and the controller input of the continuous-time system (25):
while the discrete-time behavior is as in Example 1. The solution of the optimization problem (23) adapted to nested saturations and with λ = 0.02 leads to β = 1.8922. As expected, the further saturation entails a reduction of the size of the estimation of the domain of attraction, see Figure 2 .
Example 3: The condition for global asymptotic stability provided by Corollary 2 is applied to a multi-input system. Consider the system, inspired to the examples in work [21] and references therein, whose dynamics are given by 
VI. CONCLUSIONS
In this paper we dealt with the problems of characterizing quadratic stability and computing ellipsoidal estimations of the domain of attraction for saturated hybrid systems. The results presented are based on a geometrical approach to the analysis of saturated functions, also in case of nested saturations, which permitted to formulate contractiveness conditions of ellipsoids for a rather generic class of saturated hybrid systems.
An interesting forthcoming issue could be to exploit the hybrid loop to improve the performance of a controlled system in presence of exogenous signals. This could be achieved by designing the reset law and both the flow and jump sets.
